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contribution

▪ 1) Adapt and formalize decentralization metrics specifically for evaluating consensus 
mechanisms.

▪ 2) Empirically demonstrate the challenge of weight concentration and its impact on 
decentralization in prominent blockchains. 

▪ 3) Introduce the Square Root Stake Weight (SRSW) and Logarithmic Stake Weight 
(LSW) as mechanisms to address the weight concentration challenge. 

▪ 4) Pioneer a data-driven approach to consensus research, offering novel insights and 
solutions to enhance decentralization in blockchain systems.



PoS Blockchain consensus

▪ PoS is  a consensus mechanism where validators are selected 

proportionally to their staked tokens.

▪ Each validator has weight proportional to the number of coin staked.

• 𝐰𝐤 = 𝐬𝐤

▪ Total weight W

• 𝐖 = σ𝐤
𝐦𝐰𝐤 ∀𝐤 ∈ 𝐍

▪ Condition for Quorum Q

• ℚ ≽
𝟐

𝟑
𝐖



Metrics

(m,ε,δ) decentralization model

m: indicates the cardinality of the validator set

ε: represents the weight disparity between the most influential (richest) and the δ-th percentile validator.

Gini Coefficient(G)

𝐺 =
𝐴

𝐴 + 𝐵
= 2𝐴 = 1 − 2𝐵

Gini coefficient quantifies how unevenly a resource is distributed

0 under perfect equality and approaches 

1 as influence becomes concentrated in a small minority.



Metrics

Nakamoto coefficient – Liveness 𝝆ℕ𝑳
minimum fraction of validators whose coordinated disruption can halt block production and prevent the chain from 
making progress.

Nakamoto coefficient – Safety 𝝆ℕ𝑺
minimum fraction of validators whose coordinated behavior can violate consistency by finalizing conflicting 
histories.



Metrics

Herfindahl-Hirschman Index (HHI)

the sum of the squared shares of each validator’s stake or voting weight

measure how concentrated consensus power is.

Zipf’s Law Coefficient(Z)

exponent (α) in the rank–size power-law fit (weight ∝ rank^−α)

indicate how heavy-tailed and skewed the validator power distribution is.



Metrics

The Shapley value is the expected contribution of a player, averaged over all possible 
permutations of coalition formation.

Shapley Value for liveness and Gini analysis

Shapley Value for Safety and Gini analysis

𝐺
𝜑𝐿 is Gini coefficient over distribution of φ𝐾

𝐿

𝐺
𝜑𝑆 is Gini coefficient over distribution of φ𝐾

𝑆



DECENTRALIZATION METRICS FOR PERMISSIONLESS BLOCKCHAINS



DECENTRALIZATION METRICS FOR PERMISSIONLESS BLOCKCHAINS

Gini coefficient: 0.35~ 0.8  (≈ 𝑮𝝋𝑳 , 𝑮𝝋𝑺)

(Gini coefficient of America money income: ~0.48 /South Korea money income: ~0.32)

Nakamoto coefficient:

On Polygon, top 4 validators could halt block production, top 12 validators could alter the ledger.

HHI:≤ 𝟎. 𝟎𝟓𝟏

No single dominant validator

Ziph coefficient:0.63~5.67

these results suggest that decentralization remains limited in many PoS-based networks.

𝜌ℕ𝐿:2.93~16% 𝜌ℕ𝑆:11.3~41.3%



SRSW and LSW

SRSW(Square root stake weight) LSW(Log Stake weight)

𝑟𝑛𝑖
𝜙
> 𝑟𝑛𝑗

𝜙
+ 𝑟𝑛𝑘

𝜙
− 𝐶,𝑤ℎ𝑒𝑟𝑒 𝑠𝑖 ≥ 𝑠𝑗 + 𝑠𝑘

Concave stake weighting compresses large stakes and reduces marginal dominance.

Sybil-resistance condition Sybil-resistance condition



SRSW and LSW

▪ Lemma1

▪ Lemma2

▪ Theorem1

▪ Theorem 2

▪ Collorary 1

Given a validator set N, the SRSW model’s Nakamoto coefficients, 𝜌𝑁𝐿

∗ and 𝜌𝑁𝑆

∗ , are greater than 

or equal to that of the linear stake-weight model, represented as 𝜌𝑁𝐿
and 𝜌𝑁𝐿 , respectively.

Given N, the Gini of SRSW and linear models, represented by 𝐺∗ and 𝐺, respectively, satisfy 𝐺∗ ≤ 𝐺.

Given a validator set N, the SRSW model achieves a degree of decentralization, across key metrics, 

that is greater than or equal to that of the linear stake-weight model.

Given a validator set N, the LSW model achieves a higher degree of decentralization across key 

metrics than the SRSW model.

the LSW model achieves a higher degree of decentralization than the linear stake-weight model 

across all metrics.

the paper shows that LSW > SRSW > Linear in terms of decentralization across all evaluation metrics.



Empirical validaton



Empirical validaton



Empirical validation

• Nakamoto Coefficients (ρNL, ρNS)

• vs. linear: ρNL ↑ 24.93–169.87% (SRSW), ↑ 100–785.71% (LSW)

• ρNS (avg.) ↑ 65.34% (SRSW), ↑ 183.01% (LSW)

• Interpretation: more validators needed to influence consensus → higher centralization resistance

• Gini Index (weights inequality)

• SRSW: ↓ 16.25–48.57%

• LSW: ↓ 74.55–97.14%

• Interpretation: stake-weight distribution becomes much more equal → higher decentralization

• HHI (concentration)

• SRSW (avg.): ↓ 40.39%

• LSW (avg.): ↓ 55.76%

• Interpretation: even with no monopoly already, concentration drops further vs. linear



Empirical validation

• Shapley Values (influence inequality)

• Shapley-Gini (liveness & safety) follows weight-Gini trends

• Mean correlation: 0.96 (percentage improvements)

• Interpretation: weight equalization ≈ influence equalization

• Zipf’s Coefficient (heavy-tail / power-law skew)

• Substantial improvement, especially under LSW

• Interpretation: weaker heavy-tail → more decentralized distribution



Secondary effects



Concluson

• The paper introduces Square Root Stake Weight (SRSW) and Log Stake Weight (LSW) to mitigate stake 
concentration in permissionless blockchains, reporting strong improvements across decentralization 
metrics.

• It also notes that practical Sybil resistance and governance remain challenging, and points to future 
directions such as geospatial weighting and auction-based validator selection to further improve 
decentralization and economic efficiency.
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