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Short summary:

This paper proposes a fast algorithm for overcomplete sparse decomposition. The
algorithm is derived by directly minimizing the LO norm after smoothing. Hence, the
algorithm is named as smoothed LO (SLO) algorithm. The authors demonstrate that their
algorithm is 2-3 orders of magnitude faster than the state-of-the-art interior point solvers with
same (or better) accuracy.

I. INTRODUCTION

o To introduce the algorithm the authors have used the context of source component analysis
(SCA). SCA is a method to achieve separation of sparse sources.

o Suppose that m source signals are recorded by a set of n sensors each of which records a
combination of all sources. In linear instantaneous (noiseless) model, it is assumed that
X(t) = As(t) in which s(t)and x(t) are mx1 and nx1vectors of source and recorded

signals, respectively, and A€ R™™ s a mixing matrix.

o The goal of blind source separation (BSS) is then to find s(t) only by observing x(t) .

The general BSS problem is impossible for the case n<m. However, if the sources are
sparse then this problem can be solved (using L1 minimization).

o We have the problem of finding sparse solutions of the undetermined system of linear
equations (USLE) As=x. To obtain the sparsest solution of As=x, we may search for a
solution with minimal LO norm. (Intractable problem, sensitive to noise)

o Hence, researchers consider L1 approaches such as basis pursuit (BP), LP-norm
approaches such as IRLS, and greedy approaches such as matching pursuit (MP).

o In this paper, authors present an approach for solving USLE by direct minimization of the
L0 norm after smoothing (approximating with smooth functions).

o Performance of the algorithm is equal to (or better than) the interior point based
algorithms with 2 to 3 orders of magnitude faster.

algorithm total time (sec) MSE
SLO 0.227 5.53e—5
LP (4;-magic) 30.1 2.3le—4
FOCUSS 20.6 6.45e—4




1. APPROACH
L0 norm of a vector x € R™is a discontinuous function of that vector.

m 1 if x,#0
=30 B e

The idea then is to approximate the discontinuous function with a continuous function.
The continuous function has a parameter (sayo ) that determines the quality of the
approximation.

For example, consider the (one-variable) family of Gaussian functions

f,(5) 2exp(5%)
and note that

1 if s=0
lim f.(s)=4 . °
o0 0if s#0

or approximately

f(5)~ 1 if|s|<o
7700 if |s|> o

Now define

F,(5)=2.f,(s)
i=1
[sl, ~m=F,(s)
For small values of o, the approximation tends to equality. Hence, we can define the

minimum LO norm solution by maximizing F_(s).

The value of o determines how smooth the function F_(s) is: the larger value of o,
the smoother F_(s) (but worse approximation to LO-norm); and the smaller value of o,
closer the behavior of F_(s)to LO-norm.

However, for smaller values of o, F_(s)is highly non-smooth and contains a lot of local
maxima, and hence its maximization is not easy. On the other hand, for larger values of
o, F_(s)is smoother and contains less local maxima (in fact, no local maxima for large
o).

“Basic idea”: In order to find ans that maximizes F_(s), the authors start with maximum

o . For this maximum o, they find the maximizer of F_(s). Then they decrease o and
again find the maximizer of F_(s).

They claim that eventually this process (decreasing o and maximizing F_(s)) results in
the maximization of F_(s) or equivalently minimization of the LO norm.



Other family of functions that approximates the Kronecker delta functions like family of
triangular functions,

1. if|s] > ¢
fs)=4 0 if g <s<0

=) jfo<s<o

a

or truncated hyperbolic functions
L if [s| > o
Ja(s)= { 1-(£)% ifls|<o
or functions of the form

g2

fo(s) = (24 0%y

For sufficiently large values of o the maximizer of F_(s)subject to As=x is the
minimum L2-norm solution, i.e., §= A (AAT )_1x.
Justification of the statement for Gaussian family:

(%

We want to maximize F_(s)=> f (s)=>e

i=1 i=1
The Lagrangian isF_(s)— A" (As—x). Differentiating the Lagrangian w.r.t s and A and

setting the result to zero gives the following KKT systems of m+n non-linear equations
of m+n unknowns.
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|:sle 42’526 42’“"Sme 42:| —ATﬂl:O //11:—02/1

As—x=0

subject to As=x

Now, let us look at this problem:  min ||s||§ st. As=x. Again using Lagrange
multipliers this minimization results in the system of equations

[8,8,8,] —ATA=0

As—x=0
Authors claim that for a larger o these two systems of equations are identical and hence
the maximizer of F_(s) for larger o is the minimum L2 norm solution.

Hence, the authors start with large o and maximize the corresponding F_(s). They then
decrease o and repeat the maximization of F_(s)again. They repeat the process for a
few sequences of o and shown that the subsequent maximization of F_(s)leads to LO
solution. Their algorithm is based on the principles of graduated non-convexity.

From Wikipedia:

Graduated non-convexity is a global optimization technique that attempts to solve a
difficult optimization problem by initially solving a greatly simplified problem, and
progressively transforming that problem (while optimizing) until it is equivalent to the
difficult optimization problem.


http://en.wikipedia.org/wiki/Global_optimization

o Graduated optimization is an improvement to hill climbing that enables a hill climber to
avoid settling into local optima. It breaks a difficult optimization problem into a
sequence of optimization problems, such that the first problem in the sequence is convex
(or nearly convex), the solution to each problem gives a good starting point to the next
problem in the sequence, and the last problem in the sequence is the difficult
optimization problem that it ultimately seeks to solve. Often, graduated optimization
gives better results than simple hill climbing [1].

Final step
multimodale Criterion

Intermediate step |

global mprimum

[nitial ste

canvex critern initial mi||imum

I1l. THE SLO ALGORITHM

The algorithm consists of 2 loops: the outer and inner loops.

In the outer loop, they vary the values of o .

In the inner loop, for a given o they use a steepest ascent algorithm for maximizing F_(s) .


http://en.wikipedia.org/wiki/Hill_climbing

» [Initialization:
1} Let & be equal to the minimum £ norm solution of As = x,
obtained by pseudo-inverse of A.
2) Choose a suitable decreasing sequence for o, [ ... 0] (see

Remarks 5 and 6 of the text).

« Forj=1,.....1
ljLetr =o;.

2y Maximize (approximately) the function F; on the feasible
set & = {s| As = x} using L iterations of the steepest
ascent algorithm (followed by projection onto the feasible
set):
- Initialization: 8 = §;_1.

—Foré=1...L (loop L times);
a)Let 6 & [81exp(—si/20%), ..., 80 exp (—sl j20%)]".

b) Let 5 + s — pd (where p is a small positive constant),

c) Project s back onto the feasible set S:

5 4= 8 AT{AA.T]_.'{A.E x).

3) Set §; = s.

+ Final answer is 8 = &,

Fig. 1. Final SLO algonthm.

o

Remark 1: The internal loop is repeated for a fixed, say L, and small number of times. In
other words, we do not wait for the steepest ascent algorithm (SAA) to converge. That is, we
do not need the exact maximizer of F_(s). We just need to enter the region near the (global)

maximizer of for escaping from its local maximizer.

Remark 2: The SAA consists of update steps <—s+x;VF,(s). Here, u;s are step size
parameter and they should be chosen such that for decreasing values of o, ;should be

smaller. In the algorithm, they let ,uj:,uO'Z for some constant 4 . Then,

2 2 2 T
! ) -sm
S« S+ 4;VF_(s)=s—uswhere §=—-0°VF, = {sle 42,32e 42,---,sme 42} .

Remark 3: Each iteration of the inner loop consists of gradient ascent step, followed by a
projection step.

If we are looking for a suitable large u (to reduce the required number of iterations), a
suitable choice is to make the algorithm to force all those values of s, satisfying |si| <o

62

toward zero. For this aim, we should have yexp(é) ~1, and because exp (2—52) <1for

|s;|< o, the choice x>1 seems reasonable.



Remark 4:  The algorithm may work by initializing to an arbitrary solution. However, as
discussion before the best initial value of is the minimum L2 solution. In fact, calculating
minimum L2norm is one of the earliest approaches used for estimating the sparsest solution
called the method of frames [4].

Remark 5: After initiating with minimum L2 solution, the next value for o may be
chosen about two to four times of the maximum absolute value of the obtained solution

(max|s,|). For example, if we take o> 4 max; [s,|, thenexp(z—siz) >0.96~1 i=12,---,m. This

0_2

value of o acts virtually like infinity for all values of s;.

Remark 6: The term F_(s) (|s|,m—F,(s)) simply counts the number of zero
components of s. However, instead of hard-thresholding that is “zero =|s|<o ” and

1 if s|<o

) uses a soft-thresholding, for which o is a
0 if|s|>o

“non-zero = |Si| >o0” f_(s)= {

rough threshold.
Remark 7:

o If s is an exactly K-sparse signal, then o can be decreased to arbitrarily small values. In
fact, in this case, the minimum value of o is determined by the desired accuracy (as will
be discussed in Theorem 1).

o If sis an approximately K-sparse signal (say the source vector is noisy), then the smallest
o should be about one to two times of (a rough estimation of) the standard deviation of the
noise (in the source vector). This is because, while o is in this range, f_(s)shows that the

cost function treats small (noisy) samples as zeros (i.e., for which f_(s) =1).

o However, below this range, the algorithm tries to ‘learn’ these noisy values, and moves
away from the true answer. (According to the previous remark, the soft threshold should
be such that all these noisy samples be considered zero).

o Restrictingo to be above the standard deviation of the noise, provides the robustness of
this approach to noisy sources, which was one of the difficulties in using the exact LO
norm.

IV. ANALYSIS OF THE ALGORITHM

A. Convergence analysis

In this section, we try to answer two questions for the noiseless case (the noisy case will be
considered in Section IV-C):

a) Does the SLO solution converges to the actual minimizer of the LO norm?
b) If yes, how much should we decrease o to achieve a desired accuracy?



Assuming the maximization of F_(s)for fixed o is perfectly done (and we obtain the

maximizers?). The authors show that the sequence of ‘global’ maximizers of F_(S)’s will
converge to the sparsest solution. That is we need to prove
lims® =s°

o—0

For proving the above statement the authors have introduced three intermediate results via
lemmas.

Lemma 1: Assume a matrix AeR™™has the property that all of its nxnsub-matrices are
invertible, which is called the unique representation property (URP) in [3]. For any

Vs e N(A) if the m-n elements of s have absolute values less thana = || < S

Proof: We have to show that

V>0, Ja>0, st VseN(A):
m-n elements of s have absolute values lessthana = |s|< | . | stands for L2 norm

Let se N(A)and assume that the absolute values of at least m-n elements of it are smaller
thana . Let |, be the set of all indices i, for which |s,|> &.Consequently, |I,|<n.Thenwe
write

isiai =0=) sa+y.sa =0
i=1

iel, igl,

=> sa,

iel,

=

D sa,

iel,

=2 Jslal

igl, <o -1

<> lsal

iel,

<(m-|1 e <ma
Let A be the submatrix of A containing only those columns of A that are indexed by the
elements of |,. Thus, A has at most n columns, and the columns of A are linearly

independent, because of the URP of A. Therefore, there exists a left inverse Afor A.
Let S and S denote those sub-vectors of s which are, and which are not indexed by 1,

respectively. Then



Is]- A(z}
icl,
||§||£HA‘1H iEZI:siai - A‘luma

8 X Js| < (m=[1,))er < mex

iel,

o < s+ gl < 2+

A e

Now, let M be the set of all submatrices A of A, consisting of at most n columns of A. Then,
Mis clearly a finite set (in fact|M| < 2").

Let M = max {HA*1H ‘A e M}then
Isf < (2+[A%])ma < 2+ M) mer

M is a constant and its value depends only on the matrix A. Thus, for each gt is suffice to
choosea = g/ m(M +1)

Corollary 1: If AeR™™satisfies the URP, and s e N(A) has at most n elements with
absolute values greater than«, then|js|| < (1+ M )me .

Lemma 2:

Let a function f_(s) have the properties f_(0)=1 and Vs 0<f_(s)<1, and let

F.(s) = Z f_(s;). Assume A satisfies the URP, and let S :{s | As = x}. Assume that there
i=1

exists a (sparse) solution s’ eS for which |s| =k <% (such a sparse solution is unique).

Then, if for a solution§ =(§,,$,,---,%, )T €S, F (8§)=m—(n—k)andif «>0ischosen such

that the §'s with absolute values greater than o satisfy f_(§)<1/m , then

Hé—SOH<(M +1)ma

Proof: Let |, be the set of all indices i, for which |$,|> «, then

S




i=1

NACSRAC

icl v il,

¢ <(Um) <
<m.(Um)=1 <m-|l,
<l+m-|l,|

We assume that we have chosen f_(s) such thatF_(§) >m—(n—Kk).(We prove this next)
Now, we getm—(n—k) < F_(§) <1+m—|l |, from which we can get |l |<n—k.

As a result, at most n-k elements of § have absolute values greater than « .

A

Since s°has exactly k non-zero elements, we conclude that § —s°has at most (n-k)+k=n
elements with absolute values greater than « .

Moreover, $—s’<N(A) and hence by Corollary 1 we have[[$ —s°| < (M +1)ma .

Corollary 2: For the Gaussian family f_(s) 2 exp( ) ,if F (8)>m—(n—k) holds fora

206°?

solution §, then
H§—SOH <(M +1)mo+/2Inm
Proof:

For the Gaussian family f_(s) = exp(%) , a required for lemma 2 can be chosen as

a=o~2Inm . Because for |§|>ov2Inm,

f,(8) =exp(5%) <exp(25m) = £
Moreover, Gaussian family satisfies the other condition required in lemma 2.

Lemma3: Let f_,F ,sand s’beasin Lemma2, and let s°be the maximizer of F_(s)on
S, thens? satisfies F_(§)>m—(n—Kk).
Proof: We write
F,(s7)2F,(s°)

>m-—k

>m-(n-k) (= k<3)
Note that Lemma 3 and Corollary 2 prove together that for the Gaussian family
f_(s)= exp(%) ar%Srrlax F.(s)—s’as o — 0.This result can however be stated for a

larger class of functions, as done in Theorem 1 (next page).



Theorem 1: Consider a family of univariate functions f_, indexed o € R" satisfying the
following set of conditions:
1. limf (s)=0; Vvs=0
o—0
2 f0(0)=1; VoeR"
3. 0<f (s)<L, VoeR" seR
4. For each positive values of vand «, there exists o, € R that satisfies

s|>a = f_(s)<vi Vo<o, @)

Assume A satisfies the URP, and let F_,Sand s°be defined as in Lemma 2, and

s% = (sf,sg,...,s”)T € S be the maximizer of F_ons. Then:

m

lims® =¢°

o—0

Working definition of limit of a sequence

We say that lima, =L if we can make a,as close to L as we want for sufficiently large n.

n—oo

Precise definition of the limit

We say that lim a, = L if for some positive error term ¢ the distance of the sequence at n

n—oo

from L must be less than the allowed error &, thatis, |a, —L|<e&. But, it is important to

remember that it is not enough that our sequence does converge once or twice; it must be
within the error for all values from some point onwards, that is, |an - L| <g, Yn>N.

Analytically, Ve>0, INeXN, Vn>N |a, -L|<e.

Proof: To prove |irT(]) s” =s°, we have to show that

vp>0, 3o0,>0, Vo<o, Hs"—sou<ﬂ. )

Foreach >0, let a=//m(M +1).Then for this «andv =1/m, condition 4 of the
theorem givesa o, for which the (1) holds. We show that this is the o, we were seeking for
in (2).

Note that Vo <o, , (1) states that for s’’s with absolute values greater than o we have

f_(s’)<1/m . Moreover, Lemma 3 states that s” satisfies F_(s”)>m—(n—k) .
Consequently, all the conditions of Lemma 2 have been satisfied, and hence it implies that
[s7=s°| <M +)ma = B.

10




Remark 1. The Gaussian family f,(s)2exp(s%) satisfies conditions 1 through 4 of

Theorem 1. Other Families of functions also satisfy the conditions of Theorem 1.

Remark 2: Using Corollary 2, where using Gaussian family, to ensure an arbitrary accuracy
in estimation of the sparse solution s°, it suffices to choose

o< s and do the optimization of F_(s)subject to As=x.

m(M +1)\/2Inm

Remark 3: Consider the set of solutions in §7in S, which might not be the absolute maxima
of functions F, on S, but satisfy the condition

F_(§7)>2m—(n—k)
By following a similar approach to the proof of Theorem 1, it can be proved that
lims”=s% . In other words, for the steepest ascent (internal loop), it is not necessary to

o—0

reach the absolute maximum. It is enough reach a solution in which is F_ large.

Remark 4: The previous remark proposes another version of SLO in which there is no need to
set a parameter L: Repeat the internal loop until F_(s)exceeds m-n/2[the worst case of the

limit given by F_(§)>m—(n—k)] orm—(n—k) if k is known a priori. The advantage of
such a version is that if it converges, then it is guaranteed that the estimation error is bounded

as H§—SOH<(M +1)moy2Inm , in which ois replaced witho;, the last element of the
sequence of o.

It has, however, two disadvantages: first, it slows down the algorithm because exceeding the
limit m—(n—k)foreach o isnot necessary (it is just sufficient); and second, because of the

possibility that the algorithm runs into an infinite loop because F_(s)cannot exceed this

limit (this occurs if the chosen sequence of o has not been resulted in escaping from local
maxima).

Remark 5: As another consequence, Lemma 1 provides an upper bound on the estimation
error [$—s°|, only by having an estimation § (which satisfies AS=x): Begin by sorting

the elements of $in descending order and « let be the absolute value of the |4 |+1’th

element. Since s’has at most n/2 nonzero elements, §$—s’has at most n elements with
absolute values greater thana . Moreover, §—s° < N(A)and hence Corollary 1 implies that

‘§—30H<(M +1) me . This result is consistent with the heuristic that “if $§has at most n/2

‘large’ components, the uniqueness of the sparsest solution insures that$ is close to the true
solution.”

11



B. Relation to minimum norm 2 solution

Kindly refer the paper for proof of lim argmax Fg(s) =S§, where §is the minimum L2

O—>®© As=x
norm solution.

C. Noisy case

As shown in the proof of Theorem 1 (noiseless case), a smaller value of o results in a more
accurate solution and it is possible to achieve solutions as accurate as desired by choosing
small enough values of o . However, this is not the case in the presence of additive noise,
that is, if x=As+n. In fact, the noise power bounds the maximum achievable accuracy.

V. NUMERICAL RESULTS

The performance of the SLO algorithm is experimentally verified and is compared with BP
(FOCUSS) and LP (L1 magic). The effects of the parameters, sparsity, noise, and dimension
on the performance are also experimentally discussed (Please refer the paper).

In experiments, sparse sources are artificially created using a Bernoulli-Gaussian model:
each source is “active” with probability p, and is “inactive” with probability (1-p). If it is

active, each sample is a zero-mean Gaussian random variable with variance o, ; if it is not

on?

active, each sample is a zero-mean Gaussian random variable with variance o, where

2 2
Oy KOy,

Each column of the mixing matrix is randomly generated using the normal distribution and
then is normalized to unity.

To evaluate the estimation quality, signal-to-noise ratio (SNR) and mean-square error (MSE)
are used. SNR (in dB) is defined as 20Iog(ﬂ)and MSE as i[s—$ ?

Is=¢]

TABLE I
PrROGRESS OF SLO FOR A PROBLEM WITH v = 1000, 1 = 400 AND
k= 100(p = 0.1)
itr. # o MSE SNR (dB)
1 1 4.84e-2 2.82
2 0.5 2.02e-2 5.19
3 0.2 4.96e—3 11.59
4 0.1 2.30e—-3 16.44
5 0.05 5.83e—4 20.69
6 0.02 1.17e -4 28.62
7 0.01 5.53e -5 30.85

algorithm total time (sec) MSE SNR (dB)

SLO 0.227 5.53 e -5 30.85
LP (¢;-magic) 30.1 2.3le—4 25.65
FOCUSS 20.6 6.45e—4 20.93

12



V1. CONCLUSIONS

In this paper, authors showed that the smoothed LO norm can be used for finding sparse
solutions of an USLE. They also showed that the smoothed version of the LO norm results in
an algorithm which is faster than the state-of-the-art algorithms based on minimizing the L1
norm.

Moreover, this smoothing solves the problem of high sensitivity of LO norm to noise. In
another point of view, the smoothed LO provides a smooth measure of sparsity.

The basic idea of the paper was justified by both theoretical (convergence in both noiseless
and noisy case, relation to the L2 norm solution) and experimental analysis of the algorithm.

Appendix (Not available in the paper)
The following are taken from [5]

Consider the following problem of the Euclidean orthogonal projection of a point to an affine
set: For the given AeR™", beR™and peR",findavector x e R"satisfying
Ax*=b

[p=xT=minlp-x]

The solution to the above problem exits and it is unique and it is
X =p-A"Ap+A'b [X'=p-A"(Ap-Db)]
=[1-A"A]p+AD
X =PynPp+AD
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I. INTRODUCTION

In this report, the author introduces a expectation maximization (EM) based belief propagation algo-
rithm (BP) for sparse recovery, named EM-BP. The algorithm have been mainly devised by Krzakala et
al. from ParisTech in France [1]. The properties of EM-BP are as given below:

1) It is A low-computation approach to sparse recovery,

2) It works well without the prior knowledge of the signal,

3) It overcomes the [; phase transition given by Donoho and Tanner [11] under the noiseless setup,

4) It is further improved in conjunction with seeding matrices (or spatial coupling matrices).

The main purpose of this report regenerates a precise description of EM-BP algorithm construction
from the reference paper [[1]. It might be very helpful for understanding of EM-BP algorithm, and an
answer for such a question: How and why does the algorithm work ? Therefore, we will focus on the
explanation of 1) and 2) in the properties, and just show the result of the paper with respect to that of
3) and 4).

In addition to EM-BP, the belief propagation approach to the sparse recovery problem has been widely
investigated in [2[],[3],[41,[5],[6],[7].

II. PROBLEM SETUP

In the sparse recovery problem, the aim is to recovery a sparse signal X € RY whose elements have
nonzero value independently each other, with a probability rate ¢ called sparsity rate. Therefore, the ¢
determines the density of signal X. Then, the algorithm performs the recovery from the measurements

Y € RM | given as

Y = dX +N, ey

January 22, 2013 DRAFT



where ® € RM*N g a fat measurement matrix with M < N, and N € RM denotes a additive Gaussian

noise vector following N (0,I0%).

III. ALGORITHM CONSTRUCTION OF EM-BP

Krzakala et al. has taken a probabilistic approach to devise EM-BP. From the Bayesian point of view,

. . . . . . . Likelihood
the posterior density of the signal X is represented in the form of Posterior = Prior x F7552°% as
Sy (y|®, X)
x x|y, ®) = fx(x|®) X ———7". 2)
(el @) 1) fr(y|®)
Then, using the knowledge of z and @, the signal posterior is given as
M
1 1 1 N 9
Fx(xly, @) = 7 fx(x) x H \/j2 exp [—202(%‘ - Zizl bjixi)” | 3)
j=114/2m0y N;

where C' is a normalization constant for [ fx (x|y, ®)dx = 1. In addition, we consider a mixture type

prior density function represented as

’:]z

[(1 = q)do + qf(xi)], “4)
z:l
where 0(z;) is a Gaussian PDF with mean Z and variance 0'%.

Exact finding of the signal posterior is computationally infeasible. Therefore, researchers have employed
BP as a standard approach to approximate the signal posterior where BP finds marginal posterior density
of each signal element X;. In addition, Guo ef al. showed that the marginal posterior finding is exact if
the matrix ® is a sparse matrix and N — oo [8[,[9],[10]. BP seeks the signal posterior by iteratively
exchanging probabilistic messages over the signal elements, where the messages are classically described

as

Measurement to signal (MtS) message :

1
mj—i(x;) == =— / | | Mi—;(x;) X exp “957 ( E iy + Gjimi — yj)2 | | dx; |, (5)
]~>z

(e} ki N i ki

Signal to measurement (StM) message :

mij(x;) := (1 —q)do + qb(z;)] H Mi—i(27), (6)
k#j

where C;_,; and Z;_,; are normalization constants to make the messages as PDFs. Then, the marginal

Zij

posterior approximately is obtained as

1
x.(al y, ®) = (1 - )i, + ab(x)] Hmmxz 7
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However, the message update rule in (3)) and (6) is practically intractable because each BP message
is probability density function (PDF). Therefore, we need to convert the density-passing procedure to a
parameter-passing procedure using some relaxation techniques.

Using Hubbard-Stratonovich transformation (HST) from spin glass theory which is

w? 1 A2 TWA
exp (_W> = 7ot /exp (—W + J2)d)\’ ()

the exponent in (3] can be rewritten as

2
(Z ¢jk$k> > Gikrr(Pjimi — Yj)

1 N o ki JZi (djimi — y;)°
o [‘%@J‘Zi=l¢“x”]‘ex" D

Here, HST applied

9 > GikTk(@jiTi — yj +iA)

= 1/exp _ A + k#i _ (Cbﬂfvl _Z/j)2 o )
By applying (©) to (3), we have
myji(xi) = cja,i\/::jgj {eXp (_221%) )

2 Gk (dsimi—y;+id)
X [ TI mu—j(z) exp [ 2 — II dz; p dA
{mk}k¢1‘, k#i " k#i

In (I0), we observe that the integration over {xj}r-; can be decomposed into integration over each
scalar zj. In addition, the integration over scalar xj takes the form of the moment generating function.

Therefore,

(d>ji1'i*yj)2

U x2 O (6500~ Hi0)

mji(2i) = —5—7— Jexp <—20§v> x 11 f mk—m'(iﬂi)exp< E— = )dﬂﬁi dA
.'/*H.\/ 7T0Nj by J ki {zk}k¢i J

(bjim5—y;)>
xp<N> [e X ) x [ Ex, |exp ( Zetm(@izizuti) ) | g\
Cjﬂi\/ZWUzz\rj P 2‘712\71 Xk p 0'12\;].

A ki
(11)

By assuming that each scalar X}, is Gaussian distributed during the BP-iteration with mean f;,; and
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. 2 . .
variance o7, ;, we can approximate the MtS message expression as
(¢5imi—y;)*
ex —
(5
M (.’El) =~ X

Cisiy /27ra]2\,j

2
22 i biii —yi +i)) Tosi [ bir(Piis — yi + i)
o (-2 ) o etosmzn oot o (snto e
N;i /) ki

2
J oy, oN,

(12)

By evaluating the Gaussian integration over A, the expression in (12)) becomes

A /2 2 BQ.Z.
VAjif2m ”xexp< = = ) (13)

05iCj—i 2 T T 24,

mj_n' (:L'z) ~

where
2
Aiyi = L : (14)
k#j

bji(y; — Z. Py j i)
k#j

B, = (15)
T U?Vj + Z Ulz—ﬁ 3’9
k#j
Then, the expression of the StM message is rewritten as
2
xs 5
Miyj(2i) 1= =—[(1 = q)do + ¢b(@:)] x exp | == > Apsitwi Y B+ s a1 |
Zisj k#j k#j Z. k—j
k#j
(16)
2
where we use an approximation Y. B3 , iR <E B, _, j) . The exponent can be rewritten as
k#j k#j
2
2 Z Bk—>j
x; 1 \k#j
Y ZAk—n' + @ ZBk—m‘ TS a4
k#j k£ 2 Ak
k#j
> B > B T — fj] A
SN S | P - M - = (17)
[ > Apsi > Api B R
oz = = &
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Hence, equations (I4)) and (15)) together with (19) fully describe the iterative BP-process. We define

two variable given as

1 k; Bii
2= Ryi= (18)
Z Ak—m’ Z Ak—)i
kZj kj

Using the notations, we rewrite the expression of the StM message given as Then, the expression of the

StM message is rewritten as

1 i — Ri)?
mi—j(z;) = = [(1 = q)do + qB(x;)] x exp <—(x222)> ) (19)
i—] A

Then, the mean i;_,; and variance O']% S of the StM message are calculated as

iy = /iﬂimmj(iﬂi)dwi

X;
- q/:nﬂ(x-)ex _M dr:
T Z(32 Ry ) TUVVEP 2y :
X;
q ¥:(Z¥X? 4+ Ro%) (R—71)
= X L - ) 20
Z(Z?,Ri) (212 + 0%)3/2 exp 2(2? i ag(> (20)

and

2 2 (e N 12
Oi—j '= /%mHJ(%)deZ — Hig
X

=T 220(z;) ex _M dar — 12 .
Z(22 Ry ) TSP 2572 07 Hi
X;

R? R-7)? ; _ 2
11— q)exp (~ 3% — oifre ) iy (X THEF +0%) + (@87 + Ro})’)

Z(32, R;)?

2 (R-m)? o3 5!
g exp (*2<E$+a§>) E710%)?
2
Z (Z?, R;)
where the normalization constant is

. P2 i — R)?
Z(E?,Ri) =(1-9q) /50 exp <_(:1312212%,)> dx; + q/@(wi)exp (—M) dx;

X

:(1—q)eXp<

: 1)

2 % (R—=)°
——% ) +q exp| ————5—| - (22)
22?) /212 4 Ug{ ( 2(32 + 03()

The authors stated that the parameters Z, ag(, and ¢ of the prior density fx(X) can be learned and

updated at every iteration. A statistical approach for the parameter learning is the use of EM. For the object
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function in EM, they used Bethe free-entropy. It is known that BP algorithm is constructed by applying
Lagrange multipliers to Bethe entropy [12]]. Therefore, the fixed point of BP-iteration corresponds to the
stationary points of the Bethe free-entropy minimization, in the signal posterior finding problems. For
details about the relationship between Bethe free-entropy and BP, please see Yedidia’s paper.

The Bethe entropy is defined as

N M M
HBethe = ZH(ZL) - ZH<ZZ/J) + Z Z H(Z%)v (23)
i J j iEN()

where the concept of free-entropy, defined as H(Z) := log Z, is used and Z,, and Z,,, are an approximated
marginal partition function of x, that is,

Ty, = / (1 — )0, + qf(z;)] x Hmj%(xi)dxi, (24)

J
1 2

Zy, = /Hmi—m‘(%‘) X exp [—%ng(zi: bjiTi — Yj) 1:[ (dx;) . (25)

Thus, the parameters (Z,o0,q) are learned by seeking the stationary point of the Bethe free-entropy

function given in (23). We update the parameter for the prior knowledge from

T = }Vq (26)
> (07 + 117
2 % —2
o, =+ _F (27)
X Nq

Z 1/U§(+ZjAJ—>7? .
i, By ta/ok M

_1 .
_ q (X, Binitz/o%)* i)
2 (1 (P v v v <2<1/0i+2j A0 T 20k

I implemented the EM-BP algorithm using the equations of (14), (15)), (20), @I), (22), (26). in C

language. 1 did not update the sparsity rate g in the BP-iteration. The performance is not working well

q= (28)

as shown in Fig[l] I need to check my implementation by translating the code to MATLAB. I think the
EM update not much improve the performance. So, we need to modify the update rule to elementwise

update rule like SuPrEM Algorithm.
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