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Abstract

LDPC (low density parity check) codes and compressive sensing are the main topics covered in this
thesis. We analyze LDPC codes. In particular, we focus on the distance spectrum, which is useful for
analyzing the ML (maximum likelihood) decoding performance of linear parity check codes.
However, the distance spectrum is difficult to obtain when the code has a long length. In fact, this is
known to be an NP-hard problem. In this thesis, we review some existing methods, present a new
algorithm to obtain the distance spectrum, and extend the proposed algorithm to the cases of non-
binary regular LDPC codes and check-irregular LDPC codes. The distance spectrum is also used to
analyze the RIP (restrict isometric property), which is an important measure of quality for a sensing
matrix used for compressive sensing. According to our numerical results, the spark becomes larger as
the weight and the GF (Galois field) size increase. We also present a new compressive sensing
method based on an OFDM (orthogonal frequency division multiplexing) communication system. The
simulation results show that the proposed OFDM system based on compressive sensing has a PAPR

(peak-to-average power ratio) advantage compared to a conventional OFDM system.
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1 Introduction

1.1 WHAT ARE PARITY CHECK CODES?

In communication systems, a parity check coding system is used for the robust transmission of data.
Easily understood examples are the two basic types of parity check coding systems—even and odd.
The respective systems check whether the number of ones is even or odd. This parity check system is
used for the detection of errors. However, when we use concatenated parity checking systems, we can

not only detect errors but also correct them [1][2].

1.2 LDPC CODES

For good performance, people have developed many different types of channel coding methods
such as turbo codes, convolution codes, and RS codes. An LDPC (low density parity check) code is
one of the channel coding methods invented in the 1960s by Gallager. This code had been forgotten,
but was rediscovered in the 2000s because of its performance and simple decoding algorithm. As the
code length increases, it is shown that the performance approaches the Shannon limit very closely.
The decoding algorithm for LDPC codes is the so-called MP (message passing) algorithm, which is
much simpler than ML decoding. In this thesis, we aim to obtain the distance spectrum of LDPC

codes. This is done for the ML performance analysis of LDPC codes [1][2][3].



1.3 COMPRESSIVE SENSING

Compressive sensing theory is explained well in several magazine articles on signal processing
[4][5]. These articles claimed that the conventional sampling method based on the Shannon-Nyquist
sampling theorem implies that we may need too many samples for perfect reconstruction, and thus,
we may need a new sampling theory. They also claimed that we need only a few samples for
reconstruction of compressible (sparse) signals. They insisted that most signals are compressible.

Let a vector x be represented by

N
lzzsil//i orx=Ys @

i=l1

where x and s are N x1 column vectors, and ¥ is an Nx N orthonormal matrix. We call
X K —sparseif it can be represented as a linear combination of K basis vectors, which means
there are K non-zero elements in vector s . We also call X compressible if there are few non-zero
elements and many zero elements. We project this value using the measurement matrix ©

y=0x=(P¥)s =03 @
where the sensing matrix @ is M xN,and M << N.

For a K —sparse signal x, Llminimization gives the unique solution X under the sufficient
condition that we call the RIP (restricted isometric property). Because s is a K —sparse vector,
when we know about the locations of non-zero elements, we can solve the problem when M > K . In

other words, we can simplify the equation by reducing all the columns and elements corresponding to

the zero elements. Thus, we can obtain the following equation:

=05 ©)

where s, is the set of non-zero elements, and ®, is the collected set corresponding to s, .

However, this equation has a unique solution if all columns of ®, are linearly independent. If this is

the case, the solution can be found by (4).

1

5 =(040,) 0Ly @
-



Any K columns of the ® matrix should be linearly independent and preserve the energy for

reconstruction. This condition is as follows:

o,

l-¢e<—=<1+¢ (5)
v,

for the existence of a unique L0 -minimization solution, 2K < v. This result follows the RIP.

A linear combination of any 2K columns should not be a “zero” vector. In other words, 2K or
smaller dependent column sets do not exist. In addition, we define the word “spark” used in
compressive sensing. The spark is the smallest number S such that there exists a set of S columns

of the matrix that are linearly dependent. In fact, this is the minimum distance of a parity check matrix

[61[7].

1.4 THESIS OUTLINE

The rest of the paper is organized as follows. In Section II, we present the distance spectrum,
existing methods, and proposed methods. In Section III, we introduce the relationship between the
distance spectrum and the RIP and analyze it with different densities and field sizes. In Section IV, we
provide a new communication method using OFDM and compressive sensing, and in Section V, we

summarize the paper.



2 Distance spectrum

2.1 BASIC INFORMATION ABOUT THE DISTANCE SPECTRUM

The distance spectrum is useful for the union bound evaluation of channel codes. Gallager has
provided a framework to obtain the exponent of the distance spectrum for regular LDPC codes in his
thesis [3]. In this context, the term “regular” means that the number of ones in each column and in
each row of a parity-check matrix is the same and fixed for an ensemble. In this chapter, we provide

some existing and proposed methods to calculate the distance spectrum.

2.2 EXISTING METHODS

2.2.1 LITSYN’S DISTANCE SPECTRUM

In this section, Litsyn’s method will be written for calculating the average distance spectrum of

regular LDPC codes [8]. In brief, Litsyn calculates the distance spectrum by obtaining the proportion
of matrices Aifv in ensemble A/ .

A',’; *: Total (n, j, k) regular LDPC matrices

A’* : (n, j, k) regular LDPC matrices that have first w-ones word as their code word

n,w

Figure 1 shows a first w-ones word.



1|1l |i]2]olololol . . [O0F 01 0] 0}

Length=w Length=n-w

Figure 1. First w-ones word

Before calculating A',’; *and Ai’f;, we should know O’Neil’s method, which gives us a tool to

calculate the number of matrices based on column and row sum profiles. O’Neil’s method starts with

the following inequality:

1
max {maxk max /. } (Inn)+* , certain & >0 (6)

I<i<n I<j<m

where k; is the number of ones in the i-th column, and /. is the number of ones in the j-th row. This

equation implies that there is a certain limit on the maximum column (row) density related to signal

length.

Through this information, we can calculate the number of possible matrices with (7), when the

number of ones of each column and row are given. Then, for & > 0

‘Am,n,ﬂi,ﬁ ‘ “m 1

(7

m
Zkz
i=l1
where |H | denotes the number of possible matrices H n is the width of the matrix, m 1is the

height of the matrix, K denotes the set of k,, and £ denotes the set of [, . In regular LDPC cases,

-5-



every k([ ) is the same as k(j). Using (7), we can calculate ‘A‘i’k and ‘A;fv‘ First, let us

calculate ‘AZ’k

. This A-,’; *is the matrix that has & ones in every row and j ones in every column.

Jk
An

is as follows.

Thus, when we adjust O’Neil’s method,

sk
A,

— (n])' X eX _(k_l)(j_l) <(1+o(n1*°
s L o) o

Next, let us calculate ‘AZ’k

W

‘. This Aifv is the subset of A’* that has the first w-ones word as its

code word. How can we obtain the number of possible matrices? It is our objective to find the number

of matrices such that the sub-matrix consisting of the first w columns has an even row sum. In this

method, we divide matrix A’*

n,w

) . ik .
into two parts, L” and R’ . L (size¢ mxw) is made from

n,w
the left w columns of matrix A,{fv, and Rn’ﬁ (size mx(n—w)) is made from the right n-w

. ik . ik . .
columns of matrix A”"" . Let m, denote the number of rows in L") with a sum equal to i. When we

consider k as even, i€ {0, 2, ...,k} . In this case, the following equations are valid:
my+m, +---+m _
0 2 k k (9)

Om, +2m, +---km, = jw

Then,

A;fv‘ can be calculated by multiplying two sub-matrices in every case.

, n/k . .
wAl=3 L ||R2 (10)

’ My, My yeeny M, ’ ’

jnlk . N .

Here, means the following multinomial coefficient:
My, m,y,...., M,
jnlk (jnlk)!
=i (11)
My, My, ..., M,

H m,, !
i=0

LL’; ‘ by using (7). Because Li/; is a subset of

In case of a fixed m, subset, we can calculate

-6-



the regular LDPC codes, every column has j-ones. Moreover, there are m; rows that have i-ones.

Thus, is as follows:

Jk
Ln,w

(jw)!

L*| = X
) 2 A
(12)
-1
exp| — j(j-1)w(2m, +12m, +---+k (k-1 x(1+o(n'"
Xp[2(jw)2J(J )w( m, m, ( )mk) ( o(n ))
When the m, subset is fixed, the number of ones in Rn’ﬁ is also determined. Thus, Rn’fv is
given as follows:
RI*| = (j(n—w))! %
n,w j!(n—w) k!mo (k_z)'mz “.2!'"1(-2
-1 . (13)
—J(J—l)(ﬂ—w)x
exp 2(j(n—w))2 x(1+0(n_]+5))
(k(k=1)ymy+(k=2)(k=3)m,+---+2m,_,)
From (10), (11), (12), and (13), we can calculate ‘A;fv as follows:
(jn/k)! (w)! -1l k(-
ﬁmz,.!(./!)”'2!’"24!’"4...1{!’"* exp[Z(jW)z Stz +iam, 4okl l)mk)J (14)
pef-x| S
(n—w))! PRV S EA A s
e k!(”;:EZ—;v))!21~ o P 2 (n-w)) (o))
' (k(k=1)ym,+(k=2)(k=3)m,+---+2m,,)

In In

O’Neil used the symbol “~ .” This symbol expresses logarithmic equivalence, such that a, ~ b, if

Ina, ~Inb,. He ignored the exponential term of the result using this notation. Therefore, (14)

changes as follows:

(15)

m (0VkY)"™ my (21 =2)1)" -+, (k101"

Eq. (8) also changes as follows:



v (m)!

ke
g 0
(k)" (/)
Then, we can calculate the proportion (Pn’vf) of matrices Aifv in ensemble A’*.
i)
R (17)
n,w ik
A

Since we only considered the first w-ones words at first, we need to multiply by the number of all

w-weight words. The average number of weight w words is as follows:

n .
A, = |xPl, (18)
W :
The exponent of the distance spectrum is as follows:
1 1. (n) 1 .
Bw:—lnAW:—ln( ]+-P/§ (19)
n n w) n 7



2.2.2 BURSHTEIN'’S DISTANCE SPECTRUM

In this section, Burshtein’s method [9] will be described. Burshstein derived the asymptotic distance
spectrum of LDPC codes. He used a Tanner graph representation [10], a bipartite graph, [11] for
convenience. In the bipartite graph, variable nodes are located on the left side, and check nodes are
located on the right side. Edges connect both sides according to the parity check codes. Figure 2

shows a basic bipartite graph of LDPC codes.

variabls chech

nodet
nodes I

ooo-?-oo%%

Figure 2. Bipartite graph representation of LDPC codes

(n,j,k) LDPC codes has n variable nodes and m (= nj/ k) check nodes. The total number of edges

( E) is obtained as follows:
E=nxj=mxk (20)

The code rate R is obtained as follows:

R=1-— Q1)



This method uses enumerating functions, which is very useful in solving combinatorial problems.

Additionally, this problem contains powers of polynomials with non-negative coefficients.

Let us obtain the distance spectrum of regular LDPC codes. When an r.v (random variable) S is

equal to the number of code words of weight “w” in the given code, the average distance spectrum is

obtained as follows:

A, =E(S,) (22)

n ,
For any j, such that 1< j S( ], we take X7 asanr.v that is “1” if the j-th weight w word is a
w

code word of the given LDPC codes, and “0” otherwise. Then,

g

S, X! (23)
Jj=1
Therefore, the distance spectrum is
b
A, =E X! (24)
Jj=1
Because the expectation is only related to random variable X v’v , (24) becomes
IR
A,=E| Y X] |=Y E(X]) (25)
Jj=1 Jj=1
E(X{v) can be written as P(Xi = 1) , 80 (25) becomes
1 I N ' N
A,=E| Y X =Y E(x])=.P(Xx]=1) (26)

Without loss of generality, P(X /= 1) is equal to P(X :V = 1) , 80 (26) becomes

4,=E| Y X] (?/)E(Xf:)(Q)P(va'l)(?)P(X'l)aﬂP(X'1) 27)

-10-



The exponent of the distance spectrum B, is obtained as follows:

n n

B, :lln(AW):lln&';]P(X‘w :1)] (28)

By using a property of binomial coefficients,

h{” ]:n[h(a)+o(l)] (29)

an

We can write (28) as follows:

hP(X =1
B :h(&]_kw_,_o(l) (30)
n

Thus, the problem of obtaining B, becomes the problem of obtaining P(X :V = 1). X :V is the

random variable related to the first weight w word. We can consider this word as a first w-ones word,

as shown in Figure 1. Let us denote this word as v and the w-ones variable nodes as S.

L] L]
- - L
chack
L) -}
. nodes

Figure 3. v-word (variable set S)

Then, the v -word is a code word if and only if every check node is connected to variable set S by

an even number of edges.

-11-



We can calculate P(X L= 1) by dividing the number of cases e(w;n) where each check node

9

is connected to a variable set S by an even number of edges, by the total number of cases t(w;n)

9

where each check node is connected to a variable set S (length w) arbitrarily. In regular (n, j, k)

LDPC matrix cases, each variable node has j sockets and each check node has k& sockets. Set S has

t(w; n) that is calculated as follows:

(52}

When we consider the jw sockets of S, they are connected to any choice of jw out of the km

(= jn) right sockets. Next, we need to calculate e(w;n) in which each check node is connected an

even number of times with S. This is easily done by using an enumerating function, and the result is as
follows:

2] (g ' "
e(w;n):coef (Z(zi]xb] , Jw

i=0

(32)
1 k k m )
:coef[(g[(l+x) +(1-x) D ,]w]
From the proceeding discussion, we have
P(x!=1)= e(win)
t(w;n)
| (33)
llnP(X‘L = 1) :lln e(win) :llne(w;n) —llnt(w;n)

n n tw;n) n n

This method uses some approximations. For a positive, rational number ¥ > 0. a polynomial with

non-negative coefficients p (x)y _and a rational number « >0, the following inequality is valid:

b

coef(p(x)" ,Ocn) < infﬂ (34)

x>0 xa"

In addition,

-12-



limllncoef(p(x)n ,om)=inf1np(x) (35)

x—® p x>0 X

Using (33) and (35), we have

im Ine(w:n) =(1-R)lim

lim —— == lim (l—lR)n In {coef (G[(lm)" +(1—x)"Dm : jw]}
=(1-R) lim ~InIn {coef (G[(l +x) +(1-x) D kw]} (36)

n—>®0 n

(l—R)ln{inf(H_x)k +(1_x)k}

x>0 Zk

From (31) and (29), we have

Int(w;n
( ):j-h(ﬂjm(l) (37)
n n

Therefore, by combining (30), (33), (36), and (37), we obtain the following exponent of the

distance spectrum. Forany 0 <w<n

(1+x)k +(1—x)k

B, :(I—R)ln{inf o }—h(a)(j—l) (38)

x>0 X

-13-



2.2.3 KASAI'S DISTANCE SPECTRUM

The previous two methods are used to obtain the distance spectrum in the binary case. Now, we aim
to study how to obtain the distance spectrum in non-binary cases. This method [12] uses a bipartite
graph, as in the case of Burshtein’s method. An enumerator function and the polynomial method are
also used. Let us investigate them in detail. There is only a single type of edge in the binary case; we

need to add edge labels to a non-binary LDPC bipartite graph. The edge labels range from 1 to
(q - l) . Thus, we can represent a non-binary LDPC bipartite graph as follows:
Variable nodes : v, ,V, ,.....,V
Check nodes : ¢,,c,,....,C,
Edge: e= (v,c) e £, is labeled £, € GF(q)\{O}
Let 19(n, j,k,q) be a code ensemble of regular non-binary LDPC codes, where ¢ indicates the
GF size. The total number of code ensembles (#9) is
#9=El(q-1)" (39)
where E denotes the total number of edges. We can calculate £ with (20).
Let G be a randomly selected regular non-binary LDPC code, and let N (G, w) be the number

of code words of symbol-weight “w” in a code G . Let 9 = {G €edlx, e G} be the graphs that

have x, (symbol-weight “w”) as their code word.

An important point to remember is that the number of graphs in 3_ is the same as the number of

graphs in §, . In this case, 1 denotes a word whose locations of non-zero elements in x, are filled

by one. Now, let us prove this. h(v’c) denotes the label of the edge (v,c) in G . Then, the label of

the edge of the image graph G' has the same connection with G, but the values are changed as

follows:

-14-



B(voe) = xh(vin6,) (40)

Figure 4 shows an addition and multiplication table of GF (q) Let us consider the following

example.
+ 0123 * 1412313
0 0123 0 0 00O
1 1 0 3 2 1 g 1 2 3
2 2301 2 0 231
- 3 2179 3 g 3 1 2
Figure 4. GF(4) addition and multiplication table
11101
Let us suppose that matrix G is |12 3 0 0 |. In this case, one of the code words is [10203]T
00201
R
11101 (|0 0
12300(2(=|0
0020110 0
_3_
Through (40), we can change Gto G' as follows:
R R
11101 (|0 0 1120310 0
12300(2(=|0] = (1210011 |=|0
002010 0 003030 0
3 1

Therefore, all graphs that have x, as their code words can be changed to graphs that have 1 as

their code words, implying that the number of code ensembles in &¢_ is the same as that in 9, .

With this property, we can derive the average distance spectrum £ [N (G, w)] as follows:

-15-



E[N(Gw)]

1
:gceg#{ge G|W,(x)=w}

1
=— #{GeI|xeG 41)
#SXIWH%;)W { |_ }

:#(fv]((]—l)w#{GeMleG}.

%/_J
variableconstellation

where W, (x) denotes the symbol weight of x. We can calculate #9 using (39).
If we calculate #{G ed|le G} , we can calculate the average distance spectrum of a non-binary

regular LDPC code. #{G ed|le G} denotes the total number of graphs that have 1, as their

code word. Without loss of generality, we can assume the code word to be

w

—
1, =|LL...,1,0,0,....,0 |. In this case, the graph is the same as that shown in Figure 3. Now, we

n

need to find the check node allocation to satisfy the check equation. In the binary case, the sufficient
condition is that all check nodes are connected with w variable nodes, with an even number of

edges. However, for the non-binary case, this is not sufficient. Therefore, let us calculate the number

of combinations by which one check node connects 1, and still satisfies the equation. We say an
edge is active if it connects to the w variable node set (set of non-zero elements in 1 ). Let C, (h)

be the number of combinations such that the sum of /% non-zero numbers from GF(q) is equal to

0:

We prove this in Appendix A.

Then, the number of combinations that one check node can connect 1 with h active nodes is
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(42)

Thus, the number of ways of allocating km sockets (m is the number of check nodes) with wy

active labeling that satisfy all m check nodes can be calculated by the m-fold convolution of b (h)

b®m(wj):zmz ﬁb(kl.)zcoef(fj (u)m,u“j) (43)
" k= =

where we define fJ (u) as

fj(u)ZZb(l)ul=(1+(q_1)u)J;(q_l)(l_u)j (44)

Now, we can calculate #{G ed|le G}. Because there are (E— jw)! permutations of non-

active edges and jw! permutations of active edges, #{G ed|le G} is as follows:

#{Ge9|1eG} :(E—jw)!(jw)!(q—l)E_jw coef(fk (u)" ,ujw) (45)

Then, we can calculate the distance spectrum of non-binary regular LDPC codes as follows:

coef | . (u)" ,u”™
E[N(G,w)]:(n] QKD (46)
w l? i—1)w
(q _ 1)(1 )
Jw
Thus, the exponent of the non-binary regular LDPC codes is as follows:
B, =~ E[N(G,w)] 6)

n
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2.3 PROPOSED METHOD

The method proposed in this section was developed on the basis of the unpublished work of Lee [13]. In [13],
Lee reported the convolution- and polynomial-based routines to calculate the distance spectra of linear LDPC
and LDGM codes. In this thesis, we extend Lee’s framework to obtain the distance spectra of non-binary and

irregular LDPC codes. We refer to this algorithm as Lee’s method in this thesis.

2.3.1 PROPOSED DISTANCE SPECTRUM OF BINARY LDPC CODES

Figure 5 and Figure 6 show a regular Gallager LDPC code. The first matrix is generated by
allocating all allowed ones in a regular manner, as shown in Figure 5. This regularity is convenient for
analysis. By independent permutations of the first sub-matrix, we obtain the second, third, and the rest
sub-matrices. We calculate the ensemble-averaged distance spectrum with the following steps. First,

find the total number of code words with weight w and length » that satisfy the first sub-matrix and

denote this number as N, . Second, divide N by (" ), which is the total number of weight w

length » words for the entire matrix. This ratio ( pw) is the proportion of length » and weight w

words that satisfy the first sub-matrix. In addition, this ratio remains the same for all other sub-
matrices that are constructed as permutations of the first sub-matrix, whereas the sets of words
satisfying each sub-matrix are different from one another. Third, calculate the probability of any
weight w length n word satisfying all sub-matrices simultaneously, which becomes the product of the

ratio and J.
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Figure 5. First sub-matrix of regular LDPC matrix
Ml : : :
i 1 : : First
: i P S .__.. S-'ub—
i i i | ) 1 P | A
1 1 1 1 1 1 matrix
1 1 1 1 11
Reinidis 1 1 1 1 1 1 1 1 Second
caRmn 1 1 1 1111 sub-
St ; matrix
on 1 1 1 1 Bl .
1 1 1 1 11 j-th
1 1 1 1 1 1 sub-
1 1 1 1 1 11 matrix

Figure 6. Rule for constructing LDPC matrix

For a regular (n, j, k) LDPC code, its distance spectrum can be obtained as follows.

We construct a basic combination sequence X, , which satisfies1, *x, =0.

k
(] 0<i<k,iiseven
X, =9\

0 0<i<k,iisodd

Then, we construct a stand sequence ( V) that satisfies the first sub-matrix

w e (0, n) positive number

n .
% convolution

where “ o indicates convolution, and wis the weight.

The proportion of length n and weight w words is as follows:
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D, == (49)
n
)

We can find the distance spectrum (S )and the normalized distance spectrum (B ) of the regular

w w

(n, j, k) LDPC code as follows:

S =p J % n
w w W
(50)
B, =llnSw (51)
n

The following is a complete algorithm to obtain the distance spectrum of regular (n, j, k) LDPC codes.

Algorithm for obtaining distance spectrum

1. Calculate the number of weight w code words ( NV,) satisfying the first sub-matrix.

2. Obtain p bydividing N by the total number of weight w words (7).

w

n
For example, in the binary case, T, :( ] , p,=N,/T,
w

3. This probability is also usable in other sub-matrices. Thus, the probability that a weight w

word is a code word of an (n, j, k) LDPC matrix is (Pw)j.

4. Obtain the distance spectrum from A = ( P, )j x T and the normalized distance

1
spectrum from B, =—1In 4
n

This algorithm is the essence of Lee’s method.
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2.3.2 PROPOSED DISTANCE SPECTRUM OF IRREGULAR LDPC CODES

In this thesis, we have extended Lee’s method to handle check irregular LDPC codes. In check

regular codes, check node degrees can have various values but the variable degree is fixed to one

value. From Tanner graph analysis [11], it is found that 9(N ,l(x),p(x)) represents irregular
LDPC codes. N is the signal length, A4 (x) represents the degree of the variable node, and p(x)
represents the degree of the check node. In our case, A (x) has only one polynomial equation, and

P (x) can have various polynomial equations.

where A, denotes a fraction of all edges connected to degree i variable nodes, and p, denotes a

fraction of all edges connected to i check nodes.
Now, let us obtain the distance spectrum of the check irregular case. Likewise, we need to obtain

the basic combination sequence. However, in this case, we should obtain number 7 of different basic

combination sequences. 7 is defined as the number of non-zero values in p, (l <Jj<d, ) .

Thus, we find T kinds of x,according to each degree by using (47). We denote these as xl,d
(lS d<T ) We also need to find 7 kinds of convolution sequences. These are generated from
convolution according to each fraction p;

Y ISR SN Y
N, =x/ox/ ox/ - ox;

j 1

(N/Tl- )*p]- convolution
Next, we find N as follows:

N=N,oN,o0---oN,, N,=N(h)
h € (0,n) positive number
In addition, we obtain the distance spectrum of check irregular LDPC codes by (49), (50) and,

(52)

(51).
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2.3.3 PROPOSED DISTANCE SPECTRUM OF NON-BINARY LDPC CODES

In this section, we derive the distance spectrum of non-binary LDPC codes. We use the same

process in the case of binary LDPC codes. Thus, we first obtain the basic combination sequence x; . In

the binary case, we can calculate this x, in a simple manner; however, in GF(g) cases, we should

consider this step carefully.

Originally, the basic combination sequence means
1, *x =0 (53)

where 1, isasequence (1 11...... 1].
%/_/

In the GF(q) case, there exist more possible sequences than those in the binary case. Thus, we need

to find the number of cases that have i non-zero elements and that satisfy (53).
First, we find b(k) , the number of possible cases for which the sum of every k-non-zero element

1S zero.

k-1

b(k)=(a-1) ~b(g-1) (54)

We can realize this recurrence formula easily. When we obtain b(k) , we consider all possible k-1

elements and set the last element to satisfy (53). Then, we cannot find the last element only when the
sum of k-1 elements is equal to zero.

The generalized equation of (54) is as follows:

b - a1 a1 5

X :(’_‘]*b(i) (56)

After obtaining x; through (56), we can calculate the distance spectrum of non-binary LDPC

codes with (48), (49), (50), and (51).
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2.3.4 NUMERICAL RESULTS

This section illustrates our numerical results. Figure 7 shows the original distance spectrum of a
regular LDPC code from Litsyn’s method and our proposed method. Because our method does not

have any asymptotic bound, there exist some differences.

0.2

o Qur proposed scheme
Litsyn's scheme
0 01 02 03 04 0.5 06 07 08 09 1

0.06 0.07 0.08 0.09 0.1 0.11 0.12

Figure 7. Distance spectrum of (n = 1024, j = 3, k = 4) regular LDPC code

0.25 5 5

0.2

0.15

0.1

-0.2
0 0.2 0.4 0.6 0.8 1

Figure 8. Distance spectrum of irregular LDPC codes with
(n=1080,4(x)=x", p(x)=1/2%x"+1/2%x")

Figure 8 shows the distance spectrum of irregular LDPC codes. In all distance spectrum graphs, the

x-axis represents the normalized distance, which is calculated by (distance/signal length). This graph
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looks different from the graphs of the regular codes, and the minimum distance is located at
approximately 0.08.
Figure 9 shows the distance spectrum of a non-binary LDPC matrix. We realize that the minimum

distance does not increase monotonically with field size. Instead, there exists a certain field size that
gives us the largest minimum distance. In our case, this occurs at Q =2°. This result is similar to

Kasai’s result [12].

s
/
1.4
2 ; ,
— 4 /
/
8 /
/ /
12 16 ]
32 J /~
64 Y
128 s/
256 ;S -
1 /
——— 512 i
S
s S
s s
4
s
/
0.8 ;
0.6
0.4
0.2
0
-0.2
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 9. Distance spectrum of N = 1024, J = 3, K = 4 non-binary LDPC matrix
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3 RIP OF AN LDPC MATRIX

3.1 RIP AND DISTANCE SPECTRUM

We aim to analyze the underdetermined problem of compressive sensing, using the approach of
parity check systems research, particularly using the distance spectrum. Recently, the belief
propagation algorithm, a decoding algorithm of LDPC codes, has attracted much attention as a
compressive sensing recovery algorithm in finite fields [14][15]. With this algorithm, if we know the
minimum distance of a sensing matrix, we can determine the spark value, because the spark is equal

to the minimum distance [7].

-25-



3.2 RIP TREND DEPENDS ON DENSITY

Figure 10 and Figure 11 show the distance spectrum at different densities. As shown in these
figures, as the density increases, the minimum distance also increases. However, the trend does not
increase linearly, but has some limitations. When the length is 1200, the limitation is approximately

12% of the length, and when the length is 120, the limitation is approximately 10% of the length.

0.4

(1200,3,6)
— — (1200,4,8)
""""" (1200,5,10)
—-—-(1200,6,12)
| ——(1200,8,16)
(1200,10,20)
(1200,15,15)

0.1 / \

011

0.3 /

Distance spectrum

TR

&

-0.2
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Nomarlized distance

Figure 10. Distance spectrum of length 1200 binary code
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Figure 11. Distance spectrum of length 120 binary code
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3.3 RIP TREND DEPENDS ON GF SIZE

Figure 12 shows the distance spectrum with different GF size.

(7]
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Figure 12. Distance spectrum of non-binary LDPC codes

We observe that as the GF size increases, the spark value also increases. However, Figure 9 shows

that when the GF size is greater than 2°, the spark value decreases by a small amount. The peak GF

size is also related to density.
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4 COMPRESSIVE SENSING VIA OFDM SYSTEM

A performance comparison of the OFDM (orthogonal frequency division multiplexing) system and
the CS (compressive sensing) technique is presented in this section. In this section, we design an
OFDM system based on CS and compare the proposed OFDM system performance with the original
OFDM system over an AWGN channel.

CS is a sparse signal reconstruction technique. When the signal is sparse enough, we can compress
it into a smaller size by using a rectangular matrix. In such a case, we can reconstruct the original
signal by using an L-1 minimization algorithm. For the recovery algorithm, we used the interior point

method and the log-barrier method [7][16].

4.1 ORIGINAL OFDM SYSTEM

A X @ X+ W X

IFFT FFT

Figure 13. Original OFDM communication system diagram
Figure 13 shows the block diagram of the original OFDM system. The time domain transmitted

signal x is generated by multiplying X with the IFFT matrix. For a signal length N, the IFFT

equation and matrix can be represented as follows in equations (57) and (58), respectively.

1
)_c[n] _ %zgkej(hw)kn (57)
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1 1 1 1 ]
SVCNG I
(27%2)  [(2x*2%2 (2m*2%(N-1)
Ay, [NxN]:%x 1 ej( N je]( N j e][ N ] (58)
f ej[z”*(NN Y] e,[zﬂ (N—;)*(w—ujJ

Gaussian noise w is added through the channel. The receiver reconstructs the original signal by
multiplying the received signal with the FFT matrix. The original signal can be reconstructed via FFT,

as in equation (60).

N-1
Xk z n] -j(27/N)kn (59)
n=0

4.2 PROPOSED CS COMMUNICATION SYSTEM

Ais part of IFFT
matiix
Sparse signal AX=x

X @ 1 x+w. X

Using recovery algeorithm

[

| w~{0.N) l

Figure 14. CS communication system diagram

Figure 14 shows the proposed CS communication system. Because the CS method works only with
a sparse signal, we generate a k-sparse signal (k <<N, sparsity) and compress it using an IFFT matrix.

The original IFFT matrix is square (size N x N); however, if we select some rows in the IFFT matrix,

we can create a rectangular measurement matrix. The time domain signal ( x, ) is created by
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multiplying the sparse signal ( X ) with the measurement matrix (4 ). Gaussian noise w is also

added through the channel. In such a system, the difference in the reconstruction method is that we

recover the signal using not an FFT matrix, but an L-1 recovery algorithm.

4.3 SIMULATION SETTINGS

- Original OFDM system settings

OFDM System.

E; | E

B,

Length=N
Figure 15. OFDM system energy distribution

To compare two systems (OFDM and CS), we should first set the energy per bit (Eb ) . If we use

the same symbol energy ( £, ) and the modulation size is O, the OFDM system’s energy per bit is as
shown in (60).
N*E, E

= S — (60)
N*log,Q log, 0

b

- Proposed CS system
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CS System.

Length=N
Figure 16. CS system energy distribution

The CS system has a different energy distribution. The total energy of a k-sparse signal is k* E_,

and the amount of information in a length n, k-sparse signal is (61).

N N
logz{(k ]*(Q) }=k*10g2Q+logz(k] (61)

The CS system’s energy per bit can be calculated by dividing (60) by (61), as seen in (62):

k*E,

E =
N
k*log2Q+log2(k ]

b

(62)

We set the sparse signal length to N = 128, the compressed signal size to M = 2/N = 64, and the
sparsity to k = 7. In addition, we use BPSK and QPSK modulation.

We use the RVD (real value decomposition ) method for reconstructing complex numbers, because
the IFFT matrix is composed of complex numbers. Eq. (63) shows the original linear problem with

complex numbers:

AX . =x, (63)
When we consider RVD, we reproduce (63) as (64):

|:Re(A) —Im(A):H:Re(Xc):lzliRe(x')} (64)
m(4) Re(4)| Im(X.)| |Im(x,)

c

a
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4.4 SIMULATION RESULTS

EFPSK BER/SER Performance

Error rate
=)

. COFDM-BER
10° | —B— OFDM-SER
| —%F— CS-Interier

—=&— (S-Logharrier |-
I I i i I

1
-2 0 2 4 B g 10

Figure 17. BPSK simulation results: N = 128, M = 64, K = 7

BER/SER Performance

Error rate

OFDM-BER
2 OFDM-SER
10 E| = C3-Interier

CS-Logbarrier

10 L 1 1 1 1 i 1 1
-2 0 2 4 B g 10 12

Figure 18. QPSK simulation results: N = 128, M = 64, K = 7

Figure 17 and Figure 18 show the simulation results of the BPSK and QPSK systems, respectively.
In the graph, we observe that the OFDM system is better than the CS system, but within some region
of the BPSK simulation, the CS system shows better performance than the OFDM SER curve. The
interior point method and log-barrier method have almost the same result.
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4.5 PEAK-TO-AVERAGE POWER RATIO

In communication systems, the PAPR (peak-to-average power ratio ) is an important measurement
[17].

The PAPR of a signal is given by

[

PAPR = W (64)

Here is what Simon Litsyn wrote about the PAPR of multicarrier systems:

“The main disadvantage of multicarrier modulation is that it exhibits a high PAPR. Namely,
the peak values of some of the transmitted signals could be much larger than the typical
values. This could lead to a necessity of using circuits with linear characteristics within a
large dynamic range; otherwise the signal clipping at high levels would yield a distortion of
the transmitted signal and out of band radiation. ”

Many schemes have been proposed to reduce the PAPR. Clipping and filtering is one of these
schemes [18]. TR (tone reservation) [19], active constellation extension [20], and SLM (selected
mapping ) techniques [21] are used to reduce the PAPR.

In this section, we compare the PAPR reduction performance of our proposed method with the

well-known SLM scheme.
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4.5.1 Computational Complexity

Computational complexity is evaluated in terms of multiplication and addition required for PAPR

reduction. In an SLM scheme, U IFFT modules are used. Here, U is an independent phase sequence.

In a TR scheme, additional multiplication of the signal length and additional addition of twice the

signal length are required for PAPR reduction [22]. However, our proposed method does not need any

additional computation, since there is no computation of the IFFT matrix.

Type of complex

TR scheme SLM scheme Proposed scheme
operation
Multiplication (N/2)log, N+ N (UN/2)log, N (N/2)log, N
Addition Nlog, N+2N UNlog, N Nlog, N

Table 1. Computational complexity of TR, SLM, and proposed schemes
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4.5.2 Complementary cumulative distribution function of PAPR

The CCDF (complementary cumulative distribution function) of the PAPR is the probability that

the PAPR exceeds threshold PAPR,. In this section, we compare the CCDF of a conventional OFDM

scheme, an SLD scheme, and our proposed scheme.

Generally, we consider the working range of the CCDF to be 10°-107*. As shown in Figure 19,
the CCDF of the PAPR of the OFDM system falls into this range for PAPR, above 12 dB for a raw

OFDM system, because it does not use any techniques to reduce the PAPR. The SLM scheme falls

into the working range at approximately 8—9 dB. Our proposed scheme falls into the working range at

lower levels of PAPR, than the SLM scheme.

e P No PAPR reduction scheme
S —— @~ SLM scheme (U=6)
8@ — 5 — Proposed scheme
N | N=1024
%o RAiial
R \ S
10”
&Y,
—_ r\\_‘ “‘,
& A
o @)
< -
A 107 M4
1 ) 5
o [
< L
o e
a o
| :
|
| v
3 |
10 i
i
-
f
i
|
|
10* \
6 7 8 9 10 1

12 13
PAPR[dB]

Figure 19. CCDF of the PAPR for raw OFDM scheme, SLM scheme, and proposed
scheme when N = 1024
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4.6 SYSTEM WITH LIMITED INPUT POWER AND RANDOM MAPPING

We have a new simulation based on the results that the proposed CS-OFDM scheme shows a better
PAPR value than the original OFDM system. As the value of PAPR increases, the deviation of the
input value increases. The maximum value of the input signal also increases. In this case, we need an

outstanding amplifier. Thus, we assume that the model has such an amplifier.

A 1 X @ amplifier X4 W ] )E’
IFFT EFT
lw-oNg |
Figure 20. Original OFDM system block diagram with amplifier
Ais part of IFFT
matnx _ _
Sparse signal AX= x Using recovery algerithm

A d X @ 1 amplifier 1 x+w. 1 ,ln_’

wi~{0,M:)

Figure 21. CS communication system diagram with amplifier

Figure 20 and Figure 21 show the block diagrams with amplifiers. When noise has a large effect on
the signal, we need to increase the signal energy to obtain a high SNR. However, in that case, there
can be some levels of energy beyond the limits of the input level of the amplifier. We consider the
proposed CS communication scheme to work better than the original OFDM because the PAPR of the
CS communication scheme is smaller than that of the original scheme.

We only calculate SER (not BER) in the proposed CS communication methods, because we do not
have any algorithm that maps onto a sparse signal. However, we can use a random mapping algorithm
to obtain the BER.
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4.7 RANDOM MAPPING TECHNIQUE

The original mapping method creates the transmission message X (code word) by multiplying

generator matrix ( G ) with the original message (m ).

x=mG (65)
This method is difficult to adjust to our proposed system, because we do not have a sparse mapping

algorithm. Thus, we use a reverse mapping system, like a parity check matrix. A possible BPSK K -

sparse signal is as follows:

N K
#of possible combination= (K] * (2) (66)

The number of binary bits to represent this many combinations is

M, = {mgz [z ] *( 2)ﬂ = {K +log, (zﬂ (67)

We create a random N x M, binary matrix (/1) and multiply it with the K-sparse signal to
create the message signal.

m=HxX, (63)
The H matrix should have a spark value greater than K to distinguish each of the message bits.
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4.8 SIMULATION SETTINGS WITH LIMITED INPUT POWER AND

RANDOM MAPPING
10°
-=@-++ CS Communication
S e —H— Original OF DM
10_1 O, o)
=
10° _—
oo - 5
. ~g e =
2 S5
G

o =
x ;
o

10* =

)

10°

10°

107

5 10 12
Eb/No [dB]

Figure 22. Simulation results (BPSK, N = 128, M = 64, K = 7, noise variance = 1,

threshold of amplifier = 3)

Figure 22 shows the simulation results with random mapping and a limited amplifier. As shown in

the graph, we observe that in the region above 10 dB, the proposed method shows better performance

than the original method. The reason why the proposed method has a lower PAPR value is that there

is little signal energy being lost in the amplifier.
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5 Conclusion and Future Work

We discussed the fundamental limits of parity check codes, particularly LDPC codes, and
techniques that use a parity check system and compressive sensing. Regarding distance spectra, the
distance spectrum of the proposed method shows more accuracy than the existing method and can be
adjusted to short codes. The remaining research problem is that we need to obtain the distance spectra
of totally irregular codes (in this thesis, we only calculated the distance spectrum for check irregular

LDPC codes).

Next, we analyzed the RIP through the distance spectrum. We found that the spark value

increases with density. However, there are certain limitations. Likewise, the spark value increases with

the GF size; however, in this case, there exists a peak point at 2.

Next, we proposed compressive sensing via an OFDM system. Overall, the OFDM system shows
better performance than the CS system. For future work, we will find an optimum threshold for the
CS reconstructed signal. Because the transmitted signal is sparse, we cannot use conventional
methods (i.e., value > 0 = 1, value < 0 = -1). Instead, we use a threshold value (BPSK case: 0.5Es,
QPSK case: 0.35-Es); however, we cannot be certain that this is the optimum threshold value.
Additionally, when we use the RVD method, a BPSK system has more sparsity (because the signal is
real, K is not changed, but signal length doubles), and in the MPSK case, they have a symmetric

location.
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Sprarse sigral Using recovery algerithm

X @ | y=x+w h=Gy | X
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| wi~(0,MN,) | matrix G

IFFT

Figure 23. Another CS communication method

This topic is a worthwhile area for further research. In this thesis, we send M-length data, using

part of the IFFT matrix. There is another scheme that uses a random Gaussian method. Figure 23

shows that type of system. This system will be a new research problem.
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APPENDIX A

Let C (k) be the number of combinations such that the sum of k non-zero numbers from GF(q) is

equal to @ € GF(q). Then,

(0 (-0
G, (k)= o
S R

Let C, (k) be the number of combinations such that k non-zero numbers from GF(q) are equal to 1.

We conjecture that C, (k)= (q —l)k_l —C, (k—1). The rationale is that there are (q —l)k_l
combinations of k - 1 non-zero values in GF(q). From these sequences of length k - 1, we remove all

sequences whose sum is already 1; there are C,(k—1) of them. We need to remove them because
of the following case:
(% ++x)+x, =1 (69)

If (x] +---+xk_]):l, then we have

I+x, =1 (70)
leading to x, =0, which contradicts the given condition. Thus, it is necessary to remove all of
these sequences.
However, we need to check if this is also a sufficient condition. If (x] +otx, ) #1, then it is 0,
2,3,...,q-1.
Let us check that the sum is zero. Then, (70) takes the following form:
O+x, =1 (71)

Then, we notice that we can satisfy the equality by choosingx, =1. Thus, all those combinations
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for which (x] +etx, ) =0 should remain in the pool.

Let us now check when the sum is 2. Then, (70) takes the following form:

2+x, =1
which leads to

x,=1+2+0.

(72)

(73)

This holds for the rest of other numbers, i.e., 3, 4, ..., g-1. Thus, this is a sufficient condition as well.

We solve this recurrence equation by induction

k

C,(k+1)=(qg-1)"-C, (k)

Let us set k to zero. Then
C,(1)+C,(0)=(q-1)

-(¢,(2)+C,(1)=(-1)"(¢-1)

C,(3)+C,.(2)=(¢-1)

(=17 (Cu (k) +C, (k=1)=(=1)" (¢-1)

The summation of all the equations in (74) is
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=2.(1-q) (75)

A rearrangement of (75) is
1=(1=¢g) .
¢, ()=(1) [M]—w c. o) 09

The initial value is different according to whether w is zero or not. When w=0, then C,(0)=1.

Otherwise, Cw(¢0) (0) =0. Thus, when w=0,

When w#0,
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