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I. INTRODUCTION

In this report, the author introduces a expectation maximization (EM) based belief propagation algo-
rithm (BP) for sparse recovery, named EM-BP. The algorithm have been mainly devised by Krzakala et
al. from ParisTech in France [1]. The properties of EM-BP are as given below:

1) It is A low-computation approach to sparse recovery,

2) It works well without the prior knowledge of the signal,

3) It overcomes the [; phase transition given by Donoho and Tanner [11] under the noiseless setup,

4) It is further improved in conjunction with seeding matrices (or spatial coupling matrices).

The main purpose of this report regenerates a precise description of EM-BP algorithm construction
from the reference paper [[1]. It might be very helpful for understanding of EM-BP algorithm, and an
answer for such a question: How and why does the algorithm work ? Therefore, we will focus on the
explanation of 1) and 2) in the properties, and just show the result of the paper with respect to that of
3) and 4).

In addition to EM-BP, the belief propagation approach to the sparse recovery problem has been widely
investigated in [2[],[3],[41,[5],[6],[7].

II. PROBLEM SETUP

In the sparse recovery problem, the aim is to recovery a sparse signal X € RY whose elements have
nonzero value independently each other, with a probability rate ¢ called sparsity rate. Therefore, the ¢
determines the density of signal X. Then, the algorithm performs the recovery from the measurements

Y € RM | given as

Y = dX +N, ey
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where ® € RM*N g a fat measurement matrix with M < N, and N € RM denotes a additive Gaussian

noise vector following N (0,I0%).

III. ALGORITHM CONSTRUCTION OF EM-BP

Krzakala et al. has taken a probabilistic approach to devise EM-BP. From the Bayesian point of view,

. . . . . . . Likelihood
the posterior density of the signal X is represented in the form of Posterior = Prior x F7552°% as
Sy (y|®, X)
x x|y, ®) = fx(x|®) X ———7". 2)
(el @) 1) fr(y|®)
Then, using the knowledge of z and @, the signal posterior is given as
M
1 1 1 N 9
Fx(xly, @) = 7 fx(x) x H \/j2 exp [—202(%‘ - Zizl bjixi)” | 3)
j=114/2m0y N;

where C' is a normalization constant for [ fx (x|y, ®)dx = 1. In addition, we consider a mixture type

prior density function represented as

’:]z

[(1 = q)do + qf(xi)], “4)
z:l
where 0(z;) is a Gaussian PDF with mean Z and variance 0'%.

Exact finding of the signal posterior is computationally infeasible. Therefore, researchers have employed
BP as a standard approach to approximate the signal posterior where BP finds marginal posterior density
of each signal element X;. In addition, Guo ef al. showed that the marginal posterior finding is exact if
the matrix ® is a sparse matrix and N — oo [8[,[9],[10]. BP seeks the signal posterior by iteratively
exchanging probabilistic messages over the signal elements, where the messages are classically described

as

Measurement to signal (MtS) message :

1
mj—i(x;) == =— / | | Mi—;(x;) X exp “957 ( E iy + Gjimi — yj)2 | | dx; |, (5)
]~>z

(e} ki N i ki

Signal to measurement (StM) message :

mij(x;) := (1 —q)do + qb(z;)] H Mi—i(27), (6)
k#j

where C;_,; and Z;_,; are normalization constants to make the messages as PDFs. Then, the marginal

Zij

posterior approximately is obtained as

1
x.(al y, ®) = (1 - )i, + ab(x)] Hmmxz 7
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However, the message update rule in (3)) and (6) is practically intractable because each BP message
is probability density function (PDF). Therefore, we need to convert the density-passing procedure to a
parameter-passing procedure using some relaxation techniques.

Using Hubbard-Stratonovich transformation (HST) from spin glass theory which is

w? 1 A2 TWA
exp (_W> = 7ot /exp (—W + J2)d)\’ ()

the exponent in (3] can be rewritten as

2
(Z ¢jk$k> > Gikrr(Pjimi — Yj)

1 N o ki JZi (djimi — y;)°
o [‘%@J‘Zi=l¢“x”]‘ex" D

Here, HST applied

9 > GikTk(@jiTi — yj +iA)

= 1/exp _ A + k#i _ (Cbﬂfvl _Z/j)2 o )
By applying (©) to (3), we have
myji(xi) = cja,i\/::jgj {eXp (_221%) )

2 Gk (dsimi—y;+id)
X [ TI mu—j(z) exp [ 2 — II dz; p dA
{mk}k¢1‘, k#i " k#i

In (I0), we observe that the integration over {xj}r-; can be decomposed into integration over each
scalar zj. In addition, the integration over scalar xj takes the form of the moment generating function.

Therefore,

(d>ji1'i*yj)2

U x2 O (6500~ Hi0)

mji(2i) = —5—7— Jexp <—20§v> x 11 f mk—m'(iﬂi)exp< E— = )dﬂﬁi dA
.'/*H.\/ 7T0Nj by J ki {zk}k¢i J

(bjim5—y;)>
xp<N> [e X ) x [ Ex, |exp ( Zetm(@izizuti) ) | g\
Cjﬂi\/ZWUzz\rj P 2‘712\71 Xk p 0'12\;].

A ki
(11)

By assuming that each scalar X}, is Gaussian distributed during the BP-iteration with mean f;,; and
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. 2 . .
variance o7, ;, we can approximate the MtS message expression as
(¢5imi—y;)*
ex —
(5
M (.’El) =~ X

Cisiy /27ra]2\,j

2
22 i biii —yi +i)) Tosi [ bir(Piis — yi + i)
o (-2 ) o etosmzn oot o (snto e
N;i /) ki

2
J oy, oN,

(12)

By evaluating the Gaussian integration over A, the expression in (12)) becomes

A /2 2 BQ.Z.
VAjif2m ”xexp< = = ) (13)

05iCj—i 2 T T 24,

mj_n' (:L'z) ~

where
2
Aiyi = L : (14)
k#j

bji(y; — Z. Py j i)
k#j

B, = (15)
T U?Vj + Z Ulz—ﬁ 3’9
k#j
Then, the expression of the StM message is rewritten as
2
xs 5
Miyj(2i) 1= =—[(1 = q)do + ¢b(@:)] x exp | == > Apsitwi Y B+ s a1 |
Zisj k#j k#j Z. k—j
k#j
(16)
2
where we use an approximation Y. B3 , iR <E B, _, j) . The exponent can be rewritten as
k#j k#j
2
2 Z Bk—>j
x; 1 \k#j
Y ZAk—n' + @ ZBk—m‘ TS a4
k#j k£ 2 Ak
k#j
> B > B T — fj] A
SN S | P - M - = (17)
[ > Apsi > Api B R
oz = = &
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Hence, equations (I4)) and (15)) together with (19) fully describe the iterative BP-process. We define

two variable given as

1 k; Bii
2= Ryi= (18)
Z Ak—m’ Z Ak—)i
kZj kj

Using the notations, we rewrite the expression of the StM message given as Then, the expression of the

StM message is rewritten as

1 i — Ri)?
mi—j(z;) = = [(1 = q)do + qB(x;)] x exp <—(x222)> ) (19)
i—] A

Then, the mean i;_,; and variance O']% S of the StM message are calculated as

iy = /iﬂimmj(iﬂi)dwi

X;
- q/:nﬂ(x-)ex _M dr:
T Z(32 Ry ) TUVVEP 2y :
X;
q ¥:(Z¥X? 4+ Ro%) (R—71)
= X L - ) 20
Z(Z?,Ri) (212 + 0%)3/2 exp 2(2? i ag(> (20)

and

2 2 (e N 12
Oi—j '= /%mHJ(%)deZ — Hig
X

=T 220(z;) ex _M dar — 12 .
Z(22 Ry ) TSP 2572 07 Hi
X;

R? R-7)? ; _ 2
11— q)exp (~ 3% — oifre ) iy (X THEF +0%) + (@87 + Ro})’)

Z(32, R;)?

2 (R-m)? o3 5!
g exp (*2<E$+a§>) E710%)?
2
Z (Z?, R;)
where the normalization constant is

. P2 i — R)?
Z(E?,Ri) =(1-9q) /50 exp <_(:1312212%,)> dx; + q/@(wi)exp (—M) dx;

X

:(1—q)eXp<

: 1)

2 % (R—=)°
——% ) +q exp| ————5—| - (22)
22?) /212 4 Ug{ ( 2(32 + 03()

The authors stated that the parameters Z, ag(, and ¢ of the prior density fx(X) can be learned and

updated at every iteration. A statistical approach for the parameter learning is the use of EM. For the object
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function in EM, they used Bethe free-entropy. It is known that BP algorithm is constructed by applying
Lagrange multipliers to Bethe entropy [12]]. Therefore, the fixed point of BP-iteration corresponds to the
stationary points of the Bethe free-entropy minimization, in the signal posterior finding problems. For
details about the relationship between Bethe free-entropy and BP, please see Yedidia’s paper.

The Bethe entropy is defined as

N M M
HBethe = ZH(ZL) - ZH<ZZ/J) + Z Z H(Z%)v (23)
i J j iEN()

where the concept of free-entropy, defined as H(Z) := log Z, is used and Z,, and Z,,, are an approximated
marginal partition function of x, that is,

Ty, = / (1 — )0, + qf(z;)] x Hmj%(xi)dxi, (24)

J
1 2

Zy, = /Hmi—m‘(%‘) X exp [—%ng(zi: bjiTi — Yj) 1:[ (dx;) . (25)

Thus, the parameters (Z,o0,q) are learned by seeking the stationary point of the Bethe free-entropy

function given in (23). We update the parameter for the prior knowledge from

T = }Vq (26)
> (07 + 117
2 % —2
o, =+ _F (27)
X Nq

Z 1/U§(+ZjAJ—>7? .
i, By ta/ok M

_1 .
_ q (X, Binitz/o%)* i)
2 (1 (P v v v <2<1/0i+2j A0 T 20k

I implemented the EM-BP algorithm using the equations of (14), (15)), (20), @I), (22), (26). in C

language. 1 did not update the sparsity rate g in the BP-iteration. The performance is not working well

q= (28)

as shown in Fig[l] I need to check my implementation by translating the code to MATLAB. I think the
EM update not much improve the performance. So, we need to modify the update rule to elementwise

update rule like SuPrEM Algorithm.
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N=123,M=64, 5% signal sparsity, 4.7% matrix sparsity

1 = o 2

BB - o B o R R e -

Fig. 1. Some simulation results of EM-BP when N = 128, M = 64,q = 0.05, ox =1, and L = 3.
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